We show that a particular many-matrix model gives rise, upon hamiltonian reduction, to a multidimensional version of the Calogero-Sutherland model and its spin generalizations. Some simple solutions of these models are demonstrated by solving the corresponding matrix equations. A connection of this model to the dimensional reduction of Yang-Mills theories to 0 + 1-dimensions is pointed out. In particular, it is shown that the low-energy dynamics of D0-branes in sectors with nontrivial fermion content is that of spin-Calogero particles. † poly@calypso.teorfys.uu.se
The quest for integrable (non-relativistic) particle systems in more than one spatial dimension is often frustrating. In general, no nontrivial such systems exist (with the exception of some isolated few-body cases), that is, systems with a nonquadratic potential and which are not a repackaging of one-dimensional degrees of freedom. In one dimension, on the other hand, a whole class of integrable manybody systems is known, namely the Calogero model and its various generalizations (also known as Calogero-Sutherland-Moser systems) [1] [2] [3] . The question then is to what extent these models remain solvable, if at all, in higher dimensions.
A particularly fruitful approach to Calogero-like systems is though matrix models, in which the particle positions are regained as the eigenvalues of some appropriate matrix [4, 5] . The integrability, as well as the solutions of the equations of motion, are simpler to obtain this way. It would seem, then, that this is the most promising route to systems of higher dimension. The purpose of this note is to show that, indeed, appropriate matrix models give rise, under hamiltonian reduction, to multidimensional many-body systems of the Calogero type. These matrix models are not in general integrable, and therefore we do not expect the corresponding particle systems to be integrable either. The hope is, nevertheless, that the (inherently simpler) matrix models dynamics will allow for a better study of the dynamics of the particle systems.
The starting point will be a many-matrix model consisting of d time-dependent hermitian N × N matrices M i , i = 1, . . . d, which we will also represent as a vector of matrices M . The action will be the usual kinetic term for each matrix plus some potential invariant under simultaneous unitary conjugation of the matrices. The eigenvalues of M i then will be interpreted as the i-component of the position vectors of N particles moving in flat d-dimensional space. For this interpretation to be possible, however, the matrices must be simultaneously diagonalizable, else there is no invariant association of the n-th eigenvalue of the matrices as the coordinates of the same particle. The eigenvalues of all M i can be simultaneously permuted with a common unitary transformation, which corresponds to having identical particles.
So we write the lagrangian
where overdot stands for time derivative. L ij = −L ji is an antisymmetric set of 
As a result, there is a conserved angular momentum
Time translation invariance implies the conservation of energy
The invariance of (1) under simultaneous conjugation of all matrices by a timeindependent unitary matrix implies the existence of a conserved matrix "angular momentum"
K is a traceless hermitian matrix. Choosing it to have the "minimal" form where all its eigenvalues are equal but one, that is,
where u is a fixed N-vector, will lead to Calogero dynamics for the eigenvalues of
The equations of motion arë
plus the constraint
The constraint implies that M i can all be diagonalized with a common timedependent unitary rotation U(t):
In terms of (9) the equations of motion acquire the form
whereΛ = UΛU −1 and A =UU −1 is the "gauge potential" generated by the time variance of U.
We now recall that the commutator of a diagonal matrix with any matrix has zero diagonal elements, since
Therefore, isolating the diagonal terms in (10) , only the first, fourth and fifth term contribute and we havë
Plugging the form (6) and (9) in (5), on the other hand we have
whereũ = Uu. For m = n and m = n we obtain the relations for A mn andũ m , respectively
Plugging these in (12) and calling (x 1,m , . . . x d,m ) = x m we finally obtain 
If the "angular momentum" K is not in the "minimal" form (6), it will enter the equations for the eigenvalues in a nontrivial way and will give rise to multidimensional generalizations of the 'spin-Calogero' model [6] [7] [8] [9] . To see this, we point out that the restriction of the Hamiltonian in the constraint subspace [M i , M j ] = 0 takes the form
whereK = UKU −1 . As usual,K mn Poisson-commute to the SU(N) algebra and can be recast into internal degrees of freedom ("spin") for the particles [10] :
To study the matrix equations of motion we specify to the minimum nontrivial dimensions d = 2 and to the rotationally invariant harmonic external potential
Defining the non-hermitian matrix M = M 1 + iM 2 , the equations of motion and constraint becomë
while the "angular momentum" K takes the form
in the constraint subspace. Solving the two-dimensional Calogero model amounts to finding solutions of the above matrix equations for M with the form (6) for K.
The simplest possible class of solutions is the one with Λ = 0. It can be shown, however, that these solutions correspond to linear motion of the particles and the system reduces to the one-dimensional Calogero model. The solution to the equations of motion is
where the matrices A, B, to satisfy the commutativity and "angular momentum" constraints, must obey
with K as in (6) . In terms of the new matrices Q = A + B † and P = iω(A − B † ) (representing the position and velocity matrices at t = 0) relations (23) become
This tells us that P and Q, although non-hermitian, can each be diagonalized with a unitary rotation, with complex eigenvalues (representing the initial positions and velocities of the particles on the complex plane). Choosing a basis where Q is diagonal with eigenvalues q m , we deduce from the last relation in (24) that the matrix elements of P are
where we used |u m | = 1 in the Q-diagonal basis and further chose the phases of the states such that u m = 1. From [P, P † ] = 0 now we obtain
By using the invariance of the equations by a shift of Q and P by a multiple of the unit matrix (which is related to the fact that the center-of-mass motion decouples λ n , we haveM
which has as solutions (we assume ω 2 mn > 0)
The task of finding the most general A mn , B mn which satisfy the commutativity and "angular momentum" constraints is not trivial. We demonstrate here a particularly simple solution, namely
The last constraint for ω n,n+1 translates into N − 1 algebraic equations for the N − 1 variables λ n − λ n+1 (clearly Λ can be shifted by any multiple of the unit matrix). It is obvious that the diagonal part A m , B m represents a general motion of the decoupling center of mass. The eigenvalues of the off-diagonal part of A are the N-th roots of a 1 a 2 · · · a N . So the off-diagonal part of M has eigenvalues
Therefore the relative motion is one in which the particles are regularly positioned on a circle of radius |a| and rotate with constant angular velocity ω r .
The above model can be generalized to one with unitary matrices. Omitting the details of the calculation, we simply state the result. The lagrangian of the model is
where again V is some real conjugation-invariant potential. The Lagrange multiplier matrices Λ ij = −Λ ji are not hermitian, but the constraints arising from the variation of Λ ij and Λ † ij are compatible (in fact, equivalent) for unitary U i . The eigenvalues of U i , written as exp(ix i,m /R i ) represent coordinates of particles on a d-dimensional torus of radii R i . Upon choosing the "angular momentum"
as before, the x n move like particles on the torus in an external potential V ( x n ) and interacting through a periodic generalization of the d-dimensional two-body inverse-square potential
Similarly, the d-dimensional generalization of the inverse-sinh model can be obtained by taking R i → iR i .
It is interesting to note a connection of the models presented here with the matrix model obtained as the dimensional reduction of (d+1)-dimensional YangMills theory. In the A o = 0 gauge, this model is essentially the kinetic part of the above model plus a potential of the form
One can also consider the supersymmetric version of this model, where there are also appropriate fermionic terms [11, 12] . In fact, this model has also appeared as a regularization of the light-cone membrane action [13] . For d = 9 it describes the low-energy dynamics of D-particles [14] [15] [16] and has recently been proposed as a matrix model description of M-theory in the large-N limit [17] . This model can be thought of as our model where a mass therm has been given to the Lagrange multiplier matrices to deal with an appropriate topological model [18] . In fact, it would be interesting to consider what type of model would give rise to Calogero-type dynamics on a manifold of more general geometry and/or topology. Finally, the quantization of the model, being a constrained system, is a subject of investigation.
